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Answering the question as to what content knowledge (CK) mathematics teachers need 
is essential for designing teacher education programs as well as for investigating 
teachers’ professional knowledge. Hence, conceptualizing professional CK is a central 
topic in mathematics education. Existing conceptualizations of secondary teachers’ 
mathematical CK diverge, however, widely – in particular regarding the extent to 
which school mathematics or academic mathematics is a reference point. This 
theoretical paper traces different ideas to bridge the gap between academic and school 
mathematics and reviews prominent conceptualizations through this lens. The 
emerging need for considering a CK linking academic and school mathematics is 
addressed by the introduction of a construct called school-related content knowledge.  

INTRODUCTION 

Most studies of teachers’ professional knowledge use models that draw on the 
categories identified by Shulman (1986) (Depaepe, Verschaffel, & Kelchtermans, 
2013). In the case of mathematics education in particular the discipline-specific 
constructs content knowledge (CK) and pedagogical content knowledge (PCK) are in 
the focus. However, the question as to what discipline-specific professional knowledge 
teachers need has been addressed by scholars in mathematics education already before 
Shulman’s (1986) seminal work (e.g., the conference proceedings Bauersfeld, Otte, & 
Steiner, 1975). Fletcher (1975), for instance, argued that mathematics teachers need a 
special kind of mathematical knowledge: 

The mathematics teacher requires a general knowledge of mathematics in order to be able 
to communicate with other mathematicians and also to establish his credentials; but he also 
requires special knowledge of certain areas of mathematics, in the way that an engineer or 
an astronomer requires special knowledge. […] It is part of our problem that the teacher’s 
special mathematical knowledge is inadequately defined and insufficiently esteemed (p. 
206). 

About thirty years later Ball and her colleagues from the University of Michigan (e.g., 
Ball, Thames, & Phelps, 2008) did a job analysis of elementary mathematics teachers 
in the USA and identified the so-called specialized content knowledge (SCK) that these 
teachers need. This research, however, does not cover the conceptualization of 
secondary teachers’ CK, as in this case typically academic mathematics serves as a 
more important reference. Consequently, this article resumes currently unconnected 
ideas regarding a special kind of CK that secondary mathematics teachers need and 
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introduces a corresponding construct called school-related content knowledge, which 
may be particularly interesting with respect to pre-service teacher education. 

THE GAP BETWEEN ACADEMIC AND SCHOOL MATHEMATICS 

It is well-known that mathematics as a scientific discipline is usually very different 
from mathematics as a school subject (e.g., Bromme, 1994; Schweiger, 2006; Wu, 
2011). Although it may depend on culture-specific traditions of secondary mathematics 
how big the gap between academic and school mathematics is, they typically differ not 
only with respect to the contents and their degree of abstraction, but also regarding 
their epistemology (e.g., Bass, 2005; Bromme 1994; Wu, 2011): Mathematics as a 
scientific discipline is characterized by its axiomatic-deductive structure and generally 
marked by a high level of abstraction. Mathematics as a school subject usually puts its 
main focus on applying mathematics as a tool for understanding and facilitating 
everyday live. Hence, mathematical concepts are often introduced inductively by 
means of prototypes and bound to a certain context. 

In view of this gap, the question arises as to what kind of mathematics prospective 
secondary mathematics teachers should be taught. Is it school mathematics? Or 
academic mathematics? Or both? Or something else? This kind of questions were 
already asked by Otte (1979): “How in particular is his [the mathematics teacher’s] 
knowledge related to the content of the mathematics school curriculum and to 
mathematics as a science?” (p. 119). Considering the subject-specific parts of 
secondary teacher education in different countries shows a large variation in the extent 
to which school mathematics or academic mathematics is focused (Blömeke, Hsieh, 
Kaiser, & Schmidt, 2014). However, there is a broad consensus among researchers in 
mathematics education concerning the following: (i) school mathematical knowledge 
is not sufficient as CK of secondary mathematics teachers (e.g., Dörfler & McLone, 
1986; Shulman, 1986), (ii) teaching pre-service teachers academic mathematics does 
not necessarily enable them to make connections with the school mathematics they are 
supposed to teach (e.g., Klein, 1908/1932; Wu, 2011). Hence, both, school 
mathematics and academic mathematics play an important role for secondary teacher 
education, but it is not enough to treat them separately. Thus it was and still is a central 
question as to how the gap between these two kinds of mathematics can be bridged.  

Discussions about what CK teachers need emerged for instance in the context of the 
development of new curricula in the 1960s and 1970s. It was emphasized that teachers 
should not merely know school mathematics, but also about its structure, i.e. the 
curricular order of contents and their interdependencies (e.g., Fletcher, 1975). In order 
to understand this structure, there is, however, also knowledge needed about reasons 
for this curricular structure, which are rooted in fundamental ideas of academic 
mathematics (Bruner, 1960; Schweiger, 2006). Focusing on such fundamental ideas of 
mathematics (e.g., measuring, function) also facilitates bridging the gap between 
academic and school mathematics (Schweiger, 2006). However, from the perspective 
of academic mathematics, the structure of school mathematics remains inconsistent 
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(e.g., Wu, 2011). Thus, even though the perceived gap between academic and school 
mathematics can be reduced by knowing about the structure of school mathematics and 
its legitimation rooted in fundamental ideas of academic mathematics, it cannot be 
closed entirely this way (Schweiger, 2006). In order to understand and deal with the 
inconsistencies between academic and school mathematics, teachers should be able to 
bridge the gap locally, i.e. on the level of specific contents. This can be done by making 
connections in top-down and in bottom-up direction (i.e., with academic vs. school 
mathematics as a starting point). Taking academic mathematics as a starting point, the 
question as to how such mathematical contents can be transformed for the mathematics 
classroom has always been central for scholars of mathematics education (e.g., Dörfler 
& McLone, 1986; Fletcher, 1975; Freudenthal, 1973). In view of these considerations, 
teachers should know how to reduce certain contents of academic mathematics for 
teaching purposes and in particular about consequences of such reduction. Since 
teachers often have to deal with already reduced mathematical contents they encounter 
in textbooks and learning environments, they also need to examine whether these 
contents have been transformed in a mathematically appropriate way. In this case 
school mathematics can be seen as a starting point and connections with academic 
mathematics must be made in bottom-up direction. Hence, teachers also have to know 
which mathematical definitions, theorems, and proofs lie behind the contents in school 
mathematics. Such bottom-up connections were considered for instance already in the 
1970s, when the concept of ‘mathematical background theories’ (German: 
‘Hintergrundtheorien’) of school content was introduced (e.g., Vollrath, 1979). 
According to Vollrath (1979) this notion (in a broad sense) was used to describe the 
complex of mathematical concepts, statements, interrelations, methods, and 
representations that lies behind a mathematics teaching sequence in class (p. 8 – 9). 

CONCEPTUALIZATIONS OF TEACHERS’ PROFESSIONAL CK 

In the past decades, many scholars and researchers suggested conceptualizations of the 
mathematical CK required for teaching in the mathematics classroom. As mentioned 
above, Shulman’s (1986) structuring of teachers’ content-specific professional 
knowledge lies at the heart of many models of teacher professional knowledge. 
Although his work is mainly appreciated for the introduction of PCK, he also 
emphasized the significance of CK. His conceptualization of teachers’ CK focuses on 
academic knowledge. Seeing the structure of the school subject as being derived 
directly from the structure of the academic discipline (Shulman, 1986), there seems to 
be no reason for a specific kind of teachers’ CK to bridge the gap between academic 
discipline and school subject. Bromme (1994), however, argued that the knowledge of 
the academic discipline and that of the school subject should be distinguished carefully. 
He, thus, suggested extending Shulman’s (1986) model by introducing the two 
subcategories content knowledge about mathematics as a discipline and school 
mathematical knowledge. Hence, Bromme’s (1994) model of teachers’ professional 
knowledge takes into account the gap between academic and school mathematics. 
Regarding the question as to what enables teachers to bridge this gap, Bromme (1994) 



Dreher, Lindmeier, Heinze 

2–222 PME40 – 2016 

argued that “the integration of knowledge originating from various fields of knowledge 
[…] is an important feature of the professional knowledge of teachers” (p. 86). 
However, it is not made explicit, how such integration takes place and what the 
resulting product of this process is. 

The CK that is addressed in the COACTIV study is intended to lie between “the school-
level mathematical knowledge that good school students have” and “the university-
level mathematical knowledge that does not overlap with the content of the school 
curriculum” (Krauss, Baumert, & Blum, 2008, p. 876). Therefore, this 
conceptualization targets the field of tension between academic and school 
mathematics. However, the released items and their sample solutions suggest that the 
addressed knowledge is rather close to the mathematical knowledge of the school 
subject. Similarly, the conceptualization of CK in TEDS-M picks up the distinction 
between academic and school mathematical knowledge according to Bromme (1994). 
However, knowledge bridging the gap in between is not taken into account explicitly 
in this conceptualization and from the released items only very few represent academic 
mathematics from a university context (Brese & Tatto, 2012). 

The conceptualization of CK by the Michigan group (e.g., Ball & Bass, 2003) consists 
of three parts: common content knowledge (CCK), specialized content knowledge 
(SCK) and horizon content knowledge (HCK). CCK is defined as “the mathematical 
knowledge known in common with others who know and use mathematics” (p. 403). 
Hence, Bromme’s school mathematical knowledge is apparently included in this 
category. Not entirely clear is, however, what more is encompassed, since very 
different professions require knowing and using mathematics of some kind, which may 
in turn be specific to the profession. In particular, one could ask whether the academic 
mathematical knowledge of a research mathematician is also part of CCK. Taking a 
look at the released items with which the Michigan group assessed CCK of primary 
mathematics teachers suggests, however, that CCK was construed as being mainly 
school mathematical knowledge (Hill et al., 2004). 

Contrasting CCK, the construct SCK was introduced as a kind of mathematical CK 
that is needed specifically for the work of teaching (Ball et al., 2008). Reviewing the 
authors’ explanations regarding SCK suggests that it may essentially be seen as 
knowledge needed to bridge the gap between school and academic mathematics: Ball 
and Bass (2003) emphasized in this context that “knowing mathematics in and for 
teaching includes both elements of mathematics as found in the student curriculum […] 
as well as aspects of knowing and doing mathematics that are less visible in the 
textbook’s table of contents – sensitivity to definitions or inspecting the generality of 
a method, for example” (pp. 8-9). Corresponding to their bottom-up approach, their 
examples for SCK are mainly concerned with making connections between academic 
and school mathematics in bottom-up direction: Ball and Bass (2003) explained for 
instance that teachers have to decide about the mathematical appropriateness of 
definitions they come across in textbooks. Describing aspects of SCK they also 
mention that the teachers’ (academic) mathematical knowledge needs to be 
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“unpacked” in order to teach mathematics at school (Ball & Bass, 2003), which can be 
seen as making connections in top-down direction. The construct HCK was described 
as “an awareness of how mathematical topics are related over the span of mathematics 
included in the curriculum” (Ball et al., 2008, p. 403). Thus, HCK includes knowledge 
about the curricular order of contents in school mathematics and their interrelations. 
Furthermore, the explanations regarding HCK by Ball and Bass (2009) suggest that it 
also encompasses knowledge about reasons for this curricular structure: “We see that 
teaching requires a sense of how the mathematics at play now is related to larger 
mathematical ideas, structures, and principles” (pp. 15-16). Ball & Bass (2009) argue 
that they “have known from the beginning that there is a kind of content knowledge 
that is neither common nor specialized” (p. 15). Thus, they indicated that HCK cannot 
be determined from the perspective of their distinction between common and 
specialized knowledge. Instead, it may be grasped through the lens of the need to bridge 
the gap between academic and school mathematics: HCK is apparently a kind of 
knowledge about interrelations of academic and school mathematics.  Hence, although 
the conceptualization of CK by the Michigan group does not explicitly take into 
account the distinction between academic and school mathematics, the domains that 
they uncovered may be nicely interpreted in view of such a distinction. It should, 
however, be noted that the model was developed for primary teachers and needs to be 
refined with a focus on secondary mathematics teachers, where academic mathematics 
plays typically a more important role. 

SCHOOL-RELATED CONTENT KNOWLEDGE 

So far we pointed out that there is a gap between academic and school mathematics 
and argued that mathematics teachers need a special kind of mathematical CK about 
interrelations between these two kinds of mathematics. In this regard, there are 
promising approaches in mathematics education, but not yet a comprehensive model 
of secondary teachers’ mathematical CK that targets this issue explicitly. 
Consequently, we introduce the construct school-related content knowledge (SRCK) 
in order to complement CK of school mathematics and CK of academic mathematics. 
We understand SRCK as a professional CK about interrelations of academic and school 
mathematics. Informed by early reflections on the relation between academic and 
school mathematics and the profession of mathematics teachers, SRCK was 
conceptualized to consist of three facets: (1) knowledge about the curricular structure 
and its legitimation as well as knowledge about the interrelations between school 
mathematics and academic mathematic in (2) top-down and in (3) bottom-up direction. 
In the following, these facets as elaborated in the previous sections will be illustrated 
by means of sample items that could be used for an operationalization of this construct. 
In each case the solution is indicated by crosses.  

As reasoned above, curricular knowledge in the sense of knowing about the curricular 
order of contents and their interrelations is not school mathematical knowledge, but 
concerns the structure of school mathematics on a meta-level. The item in Figure 1 
shows an example of how such knowledge may be tapped. For answering correctly it 
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is necessary to know what is involved in justifying that the number π is identical for 
all circles (interdependences of school contents) and also at which grade level the 
respective topics are treated (curricular order). 

 
Figure 1: Sample item “structure of school mathematics” 

 
Figure 2: Sample item “top-down direction” 

 
Figure 3: Sample item “bottom-up direction” 

Moreover, it was outlined above that teachers need to have knowledge about 
interrelations between academic and school mathematics in order to teach secondary 
school mathematics in a way that respects the integrity of academic mathematical 
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ideas. The sample items shown in Figure 2 and Figure 3 illustrate how such knowledge 
regarding the corresponding top-down and bottom-up direction may be 
operationalized. Starting with academic mathematical knowledge about different ways 
of constructing the real numbers from the rational numbers, the item shown in Figure 
2 requires knowledge about which of these ideas is compatible with school 
mathematics in the sense that it can be taught in the scope of the school curriculum. 
The item shown in Figure 3 addresses an interrelation in bottom-up direction: 
Answering the question correctly requires knowledge about which mathematical 
definitions of perpendicular in the sense of academic mathematics lie behind a folding 
activity described in a textbook. Such knowledge is seen to be needed to understand 
how the folding can be used to introduce the concept in the mathematics classroom. 

In this theoretical contribution, we introduced and illustrated SRCK as a linking 
construct between academic and school mathematical CK. It is of course an important 
question whether it is empirically separable from related constructs of professional 
knowledge, especially academic CK and PCK. The results of a study with 505 pre-
service teachers showed that the constructs are indeed separable (Loch, Lindmeier, & 
Heinze, 2015). The resulting model of the professional CK of secondary mathematics 
(pre-service) teachers is in particular relevant for designing and investigating 
secondary teacher education programs and it may also contribute to answering the 
central question as to what professional CK secondary mathematics teachers need. 
Moreover, we hope that the construct SRCK provides a new starting point to focus on 
a professional CK that is on the one hand characterized by a profound understanding 
of academic mathematics and on the other hand enables teachers to solve the evolving 
problems of teaching secondary mathematics.  
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