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There is empirical evidence that reflections on errors can enhance knowledge and 
skills. However, there is a lack of studies within school settings. Thus, we conducted an 
intervention study in order to investigate the question whether 6th-grade students  
(N = 200) can learn fractions by reflecting on errors and if their improvement can be 
explained by an enhancement of their so-called negative knowledge. We compared two 
different learning environments in which either incorrect or correct vicarious 
solutions were reflected. Our findings indicate that students can develop and use a 
specific negative knowledge via error reflections. With respect to general knowledge of 
fractions, error reflections were beneficial for advanced school students only. The 
implications of these results with respect to school instructions are discussed. 
INTRODUCTION 
In educational research, reflecting on errors during the learning process is considered 
as a potential source to acquire knowledge and cognitive skills in various domains   
(e.g. Siegler, 2002; Joung, Hesketh, & Neal 2006). Even though research studies have 
shown that reflections on errors have effects on individual knowledge and skill 
acquisition, the desideratum stated by Borasi (1996) that instructional 
recommendations with respect to errors are extremely rare is still of importance: There 
are open questions about how and under which conditions errors are beneficial for 
learning. The major objective of the study presented in this contribution is to 
investigate the question of whether 6th grade students can learn fractions by reflecting 
on incorrect vicarious solutions and whether their improvement can be explained by an 
enhancement of negative knowledge.  
Learning from Errors 
Intervention studies investigating learning processes with an emphasis on errors 
mainly concentrate on one of two different types of learning environments: error 
management training or guided error training (cf. Ivancic & Hesketh, 2000). Error 
management training is characterized by a learning environment in which learners 
work on problems which go beyond their individual knowledge and, thus, errors are 
highly probable. In addition, the learners are actively encouraged to accept errors as a 
positive and natural part of their learning process (Keith & Frese, 2005). In various 
studies (Chillarege, Nordstrom, & Williams, 2003; Keith & Frese, 2005), participants 
who received error encouragement instructions significantly improved their task 
performance – more than participants who got error avoidance instructions or no 
instructions at all. Guided error training is an alternative to error management training. 
The main idea is to present learners with selective vicarious errors with a high learning 
potential. Various studies showed benefits for both professional skills (e.g. Joung et al., 
2006) as well as knowledge and skills with respect to mathematical contexts (e.g. 



Heemsoth, Heinze 

  

3 - 26 PME 37 - 2013 

Siegler, 2002). However, findings support the assumption that learners benefit from 
erroneous examples if, in addition, some correct examples are presented. In particular, 
this mix seems to be important at the beginning of a learning process (Große & Renkl, 
2007). Additionally, following Große and Renkl (2007), the effects of guided error 
training are influenced by learners’ prerequisites. In their study, university students 
reflected on statistical worked examples and benefits could be found for learners with 
strong prior knowledge with respect to far transfer, only. All of these findings were 
derived from strictly controlled experiments with restricted ecological validity. With 
respect to learning from errors, there is a lack of findings related to ecologically valid 
school environments and relevant mathematics curriculum topics. 
The role of negative knowledge in learning processes including errors  
Regarding the question of why error reflection supports knowledge and skill 
acquisition, there is broad agreement on a cognitive explanation (Joung et al., 2006): 
Errors encourage learners to test the principles and assumptions of the learners’ 
individual cognitive models. By doing this, they change and extend their cognitive 
models and incorporate aspects they recognized as incorrect into the error situation. 
Thus, they build up a deeper understanding of the respective concept (Ivancic & 
Hesketh, 2000). These extended models can be memorized and recalled well in order 
to avoid errors in similar situations (Jones & Endsley, 2000). Hence, through error 
reflection, a more comprehensive cognitive model is developed, including both correct 
and incorrect facts as well as effective and non-effective strategies (Chillarege et al., 
2003). This explanation is in line with the theory of negative knowledge (Oser, 
Näpflin,  Hofer, Aerni & Spychinger, 2012). According to Oser et al., negative 
knowledge is defined as the additional knowledge previously mentioned which 
includes incorrect facts and non-effective strategies. Oser et al. assume that reflecting 
on errors leads to negative knowledge which prevents the learner from committing 
errors. Even though they do not use the term negative knowledge explicitly, the idea of 
negative knowledge also plays a role in different approaches regarding learning (e.g. 
Siegler, 2002; VanLehn, 1999). In conclusion, negative knowledge seems to play a 
significant role for learning from errors. However, our thorough search for empirical 
investigations concerning this mechanism did not reveal any results. 
The present study 
We investigate the question whether children improve their knowledge of fractions 
better in an “erroneous learning environment” in which students are encouraged to 
reflect on erroneous vicarious solutions or in a “correct learning environment” in 
which only correct vicarious solutions are presented. The use of two different 
measures, measuring “knowledge of fractions” and “negative knowledge” regarding to 
fractions allows us to examine the mechanism of learning from errors more precisely. 
Fractions present a domain of the mathematics curriculum which has an essential 
impact on future mathematical achievement (Siegler et al., 2012). For the intervention, 
we followed the idea of guided error training: Vicarious errors were chosen to be 
presented to the students. Our research was guided by the following hypotheses: 
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Hypothesis 1: The students in the “erroneous learning environment” build up more 
negative knowledge than the students in the “correct learning environment”. 
Hypothesis 2: The “erroneous learning environment” enhances knowledge of fractions 
more than the “correct learning environment”. This is because we expect that reflecting 
on erroneous vicarious solutions supports the construction of more comprehensive 
cognitive models about fractions than reflecting on correct vicarious solutions.  
Hypothesis 3: Following the theoretical approaches sketched above, we assume that 
negative knowledge is a partial mediator for the acquisition of knowledge, i.e., 
negative knowledge partially mediates the effect of prior knowledge of fractions on 
knowledge after the intervention (3a). Moreover, combining Hypothesis 1 with 2, we 
assume that the increase of negative knowledge partially mediates the effect of the 
learning environment on the acquisition of the knowledge of fractions (Hypothesis 3b).  
Since prior knowledge might have an influence on learning successes (Große & Renkl, 
2007) our analysis will account for prior knowledge. 
METHOD 
Design 
All students participated in a pre-test, a teaching unit of twelve 45-minute lessons 
which were part of their regular mathematics classes, and a post-test. Both the pre- and 
the post-tests contained items designed to measure the students’ “knowledge of 
fractions” and their “negative knowledge”. Each teaching unit was taught by a team of 
two trained members of the research group. The allocation of the students to the 
learning environments was based on the pre-test results so that the treatment groups 
within each class did not differ significantly from each other.  
Participants 
The sample consisted of 200 6th grade students (10 to 13 years of age) who belonged to 
nine classes from German secondary schools. In all classes, the basic conceptions of 
fractions had already been taught and students had already learned to add and subtract 
fractions. However, they had not yet learned multiplications and divisions with 
fractions. Exactly 100 students participated in each of the learning environments. Both 
groups had a similar distribution of boys and girls (erroneous learning environment 
43 % girls, correct learning environment 48 % girls, χ2 = .50, p = .482). 
Pre- and Post-tests 
The pre-tests predominantly covered knowledge the students were taught before the 
intervention: Basic conceptions of fractions, addition and subtraction. The post-test 
items covered the content of the teaching unit: Multiplication and division of fractions. 
The items for knowledge of fractions were developed based on the German PALMA 
study (Vom Hofe, Kleine, Blum, & Pekrun, 2005). Correct solutions were coded with 
“1”, incorrect solutions with “0”. Performance scores were represented by the mean of 
all items. The 14 pre-test items showed satisfactory item parameters with a reliability 
of α = .85. Five from the 14 post-test items were excluded from the analysis because of 
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low corrected item-total correlations. The reliability for the remaining nine items was 
α = .78. In order to analyze some results in more detail, we defined extreme groups by 
the content criteria of the pre-test. There were three easier items in which no arithmetic 
computation was requested but basic conceptions of fractions were. Three other items 
demanded relatively complex knowledge of conceptions of fractions. All other items 
had a medium difficulty and students needed to use familiar arithmetic operations. We 
defined students with “low prior knowledge of fractions” if they solved three or less 
items correctly (less than 25% correct items). These students (n = 43) only solved some 
of the easiest three items and, thus, were only capable of applying basic conceptions of 
fractions. We further labeled students as having a “high prior knowledge of fractions” 
if they solved eleven or more items correctly (more than 75% correct items). They 
(n = 44) basically only failed to solve all of the three complex items. Thus, they were 
relatively capable of using arithmetic operations they had already learned. 
In order to measure negative knowledge, we developed specific items. There were 
eight items in both the pre- and post-test that had the following layout: An incorrectly 
solved fraction problem together with a solution (four to six steps) was presented as the 
stimulus. The item had to be answered on two multiple choice rubrics: First, the 
students were asked to identify the wrong solution step and, second, to choose from 
four given alternatives the best explanation of why the person made this error. The 
multiple choice rubrics were treated as dependent indicators for two levels of 
proficiency of negative knowledge: The answers were coded with “1” (full score) if 
both parts were identified correctly. If only the first was correct, the answer was coded 
with “0.5” (partial score). In all other cases the answer was coded with “0”.  
 A principal component analysis with orthogonal rotation (varimax) including items 
from both pre-tests, indicated that the items measuring negative knowledge load on a 
different component than the items measuring knowledge of fractions. The same 
results were obtained for the post-tests. Thus, we can assume that the tests of negative 
knowledge measure a different construct than the tests of knowledge of fractions.  
We further used approved scales to measure different control variables: Students’ 
interest in mathematics as a subject before the intervention and after the intervention 
motivation and the perceived cognitive load of the tasks used in the practice phases. 
Introductory lessons and practice materials to reflect on vicarious Solutions 

During four lessons, new operations with fractions were introduced:  in lesson 3, 
 (lesson 5),  (lesson 7) and  (lesson 9). The instructions and exercises in the 

introductory lessons were the same for the students in both conditions. During the eight 
practice lessons, students had to reflect on vicarious solutions within the two 
conditions. Thereby, they were practicing the new concepts that they had been taught 
in the intervention. The exercises were posed as written worked examples (Große & 
Renkl, 2007) in three steps as follows: (a) An initial problem was presented. (b) 
Directly below, a solution from the student “Anna” or “Tom” was shown in detail 
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(correct or incorrect, according to the intervention group). (c) Finally, students were 
presented with three prompts to initialize their reflections (see Table 1). 

Erroneous learning environment Correct learning environment 
Which solution step is not correct and why? Term the student’s solution. 
Why do you think the student made exactly 

this error? 
Why is the solution correct? 

Solve the problem correctly. Solve the following problem: [analogous 
problem]. 

Table 1: Prompts in the two learning environments. 
Overall, 120 minutes of the intervention time was used to introduce the new operations 
and 240 minutes were used to reflect on vicarious solutions in the two conditions.  
RESULTS 
There were no significant pre-test differences between the two intervention groups 
with respect to “knowledge of fractions” and “negative knowledge”. Thus, the students 
in both conditions had about the same prior knowledge. Further, there were no 
significant differences according to the students’ “interest in mathematics as a 
subject”, the perceived cognitive load nor to motivation. Thus, we can assume that 
both conditions required similar cognitive demands and motivated the students in a 
similar way. 
HYPOTHESIS 1: EFFECTS ON NEGATIVE KNOWLEDGE 
There was a significant effect of the “learning environment” on “negative knowledge” 
after controlling for the effect of pre-test scores on “negative knowledge” and “fraction 
knowledge” (F(1, 194) = 5.22, p = .023, η² = .027). Students in the “erroneous 
learning environment” showed a higher performance (M = .43, SD = .27, n = 96) than 
students in the “correct learning environment” (M = .37, SD = .26, n = 99). Thus, we 
found that students in the “erroneous learning environment” enhanced their negative 
knowledge more than students in the “correct learning environment”. Further analysis 
showed that there was no interaction effect between “learning environment” and 
“knowledge of fractions” (pre-test) on “negative knowledge” (F(1, 192) < 1).  
HYPOTHESIS 2: EFFECTS ON KNOWLEDGE OF FRACTIONS 
We did not find a significant effect of the “learning environment” on “knowledge of 
fractions” after controlling for the pre-test score of “knowledge of fractions” 
(F(199, 1) < 1). Thus, students in the erroneous learning environment did not enhance 
their fraction knowledge significantly more than students in the correct learning 
environment. In order to further analyze the prior knowledge of fractions, we 
computed ANCOVAs separately for both extreme groups with “knowledge of 
fractions” (pre-test) as the covariate. These analyses indicate for the group with a high 
prior knowledge of fractions that students in the “erroneous learning environment” 
(M = .86, SD = .13, n = 22) learned significantly more than students in the “correct 
learning environment” (M = .78, SD = .16, n = 22), F(1, 43) = 4.88, p = .033,  
η² = .109). For the group with low prior knowledge, the “erroneous learning 
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environment” (M = .24, SD = 17, n = 23) was not as beneficial as the “correct learning 
environment” (M = .37, SD = .18, n = 20), F(1, 42) = 4.50, p = .040, η² = .099, see 
Figure 1. Thus, we found that for students with a high prior knowledge of fractions, the 
erroneous learning environment was more beneficial, whereas for students with a low 
prior knowledge of fractions, the correct learning environment promoted them more. 

 
Figure 1: Group differences between knowledge of fractions for students with low 

(n = 43) and high (n = 44) prior knowledge of fractions. 
HYPOTHESIS 3: MEDIATOR EFFECT OF NEGATIVE KNOWLEDGE 
First, we tested whether negative knowledge is a mediator for the acquisition of 
fraction knowledge. We controlled for “negative knowledge” (pre-test) and found a 
partial correlation r(192) = .38 (p < .001) between “knowledge of fractions” (pre-test) 
and “negative knowledge” (post-test) as well as a partial correlation r(192) = .45 
(p < .001) between “negative knowledge” (post-test) and “knowledge of fractions” 
(post-test). A hierarchical linear regression showed that the original effect (ß = .66**) 
of the “knowledge of fractions” (pre-test) on the “knowledge of fractions” (post-test) 
decreased (ß = .46**) when the “negative knowledge” (post-test) was entered as a 
further control variable (in addition to the pre-test “negative knowledge”).  Sobel’s test 
confirms that the decrease of the effect is significant (t = 4.41, p < .001). In order to 
supplement the linear regression analyses, a structural equation model was conducted 
so that parameters could be estimated at the same time. The model has an excellent fit 
(χ2 (1, N = 195) = .01, p = .900, RMSEA = .00, CFI = 1.00). Standardized parameter 
estimates of the model are presented in the left part of Figure 2. This result supports the 
assumption that the gain in negative knowledge partially mediates the acquisition of 
knowledge of fractions. 
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Figure 2: Left: Negative knowledge mediating the effect of the acquisition of 

knowledge of fractions. Right: No mediation effect of the acquisition of negative 
knowledge on the effect of the learning environment on the acquisition of knowledge 

of fractions. 
 
In Hypothesis 3b, we assumed that the effect of reflecting on errors on the acquisition 
of knowledge of fractions is partially mediated by negative knowledge. However, our 
findings presented above indicate that the conditions did not differ significantly with 
respect to “knowledge of fractions”. Thus, we cannot expect the hypothesized 
mediation effect of negative knowledge in this case (Figure 2, right; we coded the 
“learning environment” as dummy variable with “erroneous learning environment” 
represented with “1” and “correct learning environment” with “0”). 
DISCUSSION 
Our findings indicate that school students can develop and use a specific negative 
knowledge as it is described by Oser et al. (2012) via error reflections. Further, error 
reflections seem to be a promising tool to improve knowledge for advanced middle 
school students when learning multiplication and division of fraction. For students 
with low prior knowledge, reflections on errors are not as beneficial as correct 
examples. Therefore, we would suggest integrating errors in more advanced phases of 
the learning process. Error reflection supports the construction of negative knowledge 
and negative knowledge shows a partial mediation effect for knowledge acquisition in 
general. However, we could not confirm the missing step that negative knowledge 
mediates the effect of error reflections on knowledge of fractions. If we, again, 
restricted our analysis to the sub-sample of students with high prior knowledge, we 
found tentative indications that there might be this partial mediation. However, power 
analyses suggest that this hypothesis should be tested with samples of approximately 
150 students (we assumed a two-tailed correlation of r = .23, α-error probability of .05 
and a power of 1-β = .80). Next to these further analyses, more adaptive approaches 
focusing on individual errors of students instead of on vicarious errors seem to offer 
promising instructions that need to be investigated. 
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