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In arithmetics education, two instructional approaches are suggested to teach children 
adaptive strategy use. The explicit approach encompasses the explicit teaching and 
practicing of selected strategies, whereas the problem-solving approach emphasizes 
the analysis of task characteristics and the individual generation of strategies. In a 
one-week intervention study with 79 3rd-graders from 17 school classes, we compared 
these instructional approaches. Results from post- and follow-up tests did not yield 
significant differences between the two approaches in adaptive strategy use or in 
accuracy. In comparison to a control group (consisting of the 162 classmates), the 
combined experimental groups showed a sustainable better achievement for adaptive 
strategy use whereas there was no significant difference concerning accuracy.  
1 INTRODUCTION 
In the last decades, mathematics educators called for a change in elementary arithmetic 
education by questioning the exclusive role of the standard (written) algorithms for the 
basic arithmetic operations. In particular, the acquisition of adaptive expertise, i.e. the 
ability of individuals to solve arithmetic computation tasks efficiently by flexibly 
choosing an appropriate strategy, is attached a more prominent role. Although adaptive 
strategy use for multi-digit computations is considered as an important skill, empirical 
studies revealed unsatisfactory results for primary school students (e.g. Selter, 2001; 
Torbeyns, Verschaffel, & Ghesquière, 2006). Accordingly, it seems that specific 
instructional approaches are necessary to organize effective learning opportunities for 
students. Unfortunately, hardly any empirical studies examining the effectiveness of 
instructional approaches to foster students’ adaptive strategy use exist so far. 
2 ARITHMETIC COMPUTATION STRATEGIES 
There are various ways of categorizing computation strategies for multi-digit addition 
and subtraction (e.g. Threlfall, 2002, pp. 33ff.). We use a categorization with five 
idealized strategies for addition and subtraction problems which is described in 
prominent mathematics education books in Germany (cf. Table 1). We want to 
emphasize that these strategies are idealized strategies. Children obviously use more 
strategies, especially by combining two or sometimes three of these idealized 
strategies. The jump and the split strategy are universal strategies which can be applied 
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for all addition and subtraction problems1. The other three strategies are advantageous 
only for specific problems and cannot be applied efficiently in general.  
 

Jump strategy Split strategy Compensation 
strategy 

Simplifying 
strategy 

Indirect 
addition2 

123 + 456 = 579 
123 + 400 = 523 
523 + 50   = 573 
573 + 6     = 579 

123 + 456 = 579 
100 + 400 = 500 
20 +  50  = 70 
3  +   6   = 9 

527 + 398 = 925 
527 + 400 = 927 
927 –    2  = 925 

527 + 398 = 925 
525 + 400 = 925 

701 - 698 = 3 
698 + 3 = 701 

 

Table 1: Idealized computation strategies. 
2.1 Adaptive strategy use of primary school children 
For examining children's skills of adaptive strategy use - which means children's skills 
of solving arithmetic computation tasks efficiently - we firstly have to describe what 
we understand by an “efficient” solution. We consider two dimensions: (1) For a given 
arithmetic task, one can check from a mathematical perspective which strategy (or 
strategies) need(s) the smallest number of solution steps. (2) There is a student 
performing these solution steps. From a psychological perspective, one can ask how 
much cognitive effort different solution steps require, which obviously depends on the 
knowledge and skills the individual has acquired so far (probably biased by affective 
variables like self-efficacy). Moreover, it is the question in which context an individual 
solves a task. In particular in school, it may happen that students follow a reference 
framework which is different from the mathematical perspective mentioned above (cf. 
socio-mathematical norms, Verschaffel, Luwel, Torbeyns, & Van Dooren, 2009).  
In empirical studies using assessment tests, it has to be defined normatively which 
strategies are considered as efficient for a given arithmetic task and which are not. The 
simplest way to do this is to restrict the criteria to properties of the given task. 
However, as done in many studies (e.g., Klein, Beishuizen, & Treffers, 1998), 
individual characteristics like knowledge and skills also have to be taken into account. 
In our research with 3rd-graders, we first identify the range of strategies which can be 
expected by the group of students under investigation (i.e., strategy repertoire in the 
sense of declarative knowledge as well as the fluent and accurate application of these 
strategies with low cognitive effort in the sense of procedural knowledge). Then for 
these strategies we analyze how they fit to the characteristics of a given task and, thus, 
provide a short solution (normative mathematical perspective). 
As already mentioned in the introduction, empirical findings reveal an unsatisfactory 
proficiency of primary school students concerning the adaptive strategy use. Before 
they learn the standard algorithms, many students have a favourite strategy which they 
                                           
1 It is an open discussion how to deal with the split strategy in case of subtraction problems with regrouping. Some of the 
German textbooks introduce this strategy but avoid the notation of intermediate (negative) results. 
2 The indirect addition strategy is for subtraction problems only. 
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use as a standard procedure ignoring number characteristics of the given tasks (German 
students frequently prefer the jump strategy for subtraction tasks and the split strategy 
for addition tasks, Heinze, Marschick, & Lipowsky, 2009). Moreover, most students 
solely use the standard algorithms after they have been introduced (e.g., Selter, 2001).  
2.2 Influence of the instructional approach 
The unsatisfactory results concerning students’ adaptive strategy use points to the role 
of mathematics instruction. Based on a literature review, we distinguish three idealized 
instructional approaches denoted as routine approach, explicit approach and 
problem-solving approach (see Heinze et al., 2009 for details). The routine approach is 
a traditional approach which follows the idea of “one strategy first”. This means, that 
firstly only one strategy – in general, the jump strategy – is learned and practiced by the 
students so that it can be applied accurately as a routine procedure. After that other 
strategies and their adaptive use are presented in a sense that there exist so-called 
„computation tricks” or „advantageous computations” which are sometimes helpful. 
The explicit approach is a reform-oriented approach which emphasizes the adaptive 
strategy use from the beginning. In an introductory phase, students invent their own 
strategies. After that it is up to the teacher to reduce the diversity of invented strategies 
to a set of main strategies (cf. Table 1) which are successively introduced and practiced 
by the students. By solving tasks and discussing different solutions, the latter follows 
two goals: the acquisition of routine expertise in strategy execution and of experience 
in adaptive strategy use. An example for an implementation of this approach is the 
realistic program design as implemented in the study by Klein et al. (1998). 
The problem-solving approach has a stronger constructivist character than the explicit 
approach. It rejects the assumption that individuals “select” a strategy from an strategy 
repertoire (cf. Threlfall, 2002). Instead, each arithmetic task is considered as a new 
problem and, accordingly, students generate a specific solution strategy for this 
problem (based on their knowledge and experience and on the task characteristics). 
Hence, the teacher does not introduce any “official” strategy but continuously gives 
opportunities to analyze task characteristics, to solve problems and to discuss the 
efficiency of the students’ solution strategies. Based on their experiences, students will 
accumulate knowledge on task characteristics and on skills in applying and judging 
individual strategies so that they will optimize their adaptive strategy use step by step. 
There exist only a few empirical studies that investigated the influence of instructional 
approaches. For example, Klein et al. (1998) in a one-year quasi-experimental study 
with 2nd-graders showed that students' adaptive strategy is improved more by an 
explicit approach than by a routine approach emphasizing one main strategy. Heinze et 
al. (2009) compared 3rd-graders who were taught by textbooks following the routine, 
the explicit and the problem-solving approach respectively. They found an advantage 
for students taught by textbooks with the explicit and the problem-solving approach. 
However, for high achieving students there was no significant difference between the 
three groups. The latter result is in line with results from Torbeyns, De Smedt, 
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Ghesquière, and Verschaffel (2009) showing that high achieving students taught by the 
routine approach can reach a high level of adaptive expertise. 
3 RESEARCH QUESTION AND METHODOLOGY 
Only a small number of empirical studies have investigated the influence of 
instructional approaches on the acquisition of adaptive expertise. Moreover, it is an 
open question whether the reform-oriented approaches (explicit and problem-solving 
approach) differ in their effectiveness. Accordingly, we conducted a strictly controlled 
experimental study addressing the overall research question on the effectiveness of the 
explicit approach and the problem-solving approach on students’ adaptive strategy use 
and students’ accuracy when solving arithmetic computation tasks. Implementing a 
one week intervention as a holiday course, we investigated specifically: 

• Are there sustainable effects of a one-week teaching intervention on adaptive 
strategy use (in comparison to a control group)? 

• Are there differences in the short-term and long-term effects of the instruction 
based on the explicit and the problem-solving approach respectively? 

3.1 Sample, design and instruments 
We focus on 3rd-graders (9-10 years old) because in Germany in the first half of the 3rd 
grade, the number domain is extended up to 1000. Hence, students learn addition and 
subtraction strategies for three-digit numbers. In the second half of grade 3, the 
standard algorithms are introduced. The sample for the intervention comprises 79 
randomly chosen 3rd-graders from 17 classes of German primary schools. In principle, 
the children were randomly allocated to one of the two instructional approaches 
(randomization was controlled for general cognitive abilities, general mathematics 
achievement and socio-economic status). The control group encompasses the 162 
classmates of the children who participated in the intervention. The intervention was 
organized as a one-week course at our research institute during fall holidays in October 
2011. The overall intervention time was equivalent to 16 schools lessons (45 min) and 
accompanied by breaks for playing games and lunch. The lessons were taught by two 
trained research assistants following ideal-typical teaching scripts of the explicit and 
the problem-solving approach (a short overview is given in Table 2, scripts and 
material were approved by expert ratings). To limit the group size, we had two student 
groups for each approach (one group was taught in the first and one in the second 
holiday week). To control for teacher effects, both teachers taught each approach once. 
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Table 2: Content of the one-week holiday course for both approaches 
Data for adaptive and accurate strategy use was collected by trained university 
assistants with a pre-test 2 weeks before the intervention (T1), an immediate post-test 
(T2) and two follow-up tests after 3 months (T3, January 2012) and after 8 months (T4, 
June 2012). The tests at T4 were administered after the students learned the standard 
algorithms for addition and subtraction. The control group participated only in the 
testing at T1, T3 and T4 because the post-test at T2 was during holidays. Each test 
consisted of 8 multi-digit addition and subtraction tasks suggesting specific strategies 
as efficient solutions (e.g. compensation, simplifying or indirect addition, see Table 1). 
The four tests were linked by anchor items: consecutive tests had 6 common items and 
a core of 4 anchor items was part of all tests (403-396, 1000-991, 398+441, 502+399).  
The item solutions were rated two times: firstly as correct or incorrect and secondly by 
the efficiency of the strategy for the given task. For the latter, we used a bottom-up 
procedure to develop a category system. The strategy efficiency was judged 
independently by two persons with an acceptable inter-rater reliability (κ > .70). For 
the results presented in this paper, we assigned 0, 1 or 2 points to each category 
depending on a normative rating whether the used strategy was efficient (2 points), not 
efficient (0 points) or “partly efficient” (1 point). The one-point category encompasses, 
for example, mixtures from efficient and inefficient strategies or inefficient strategies 
where a single simple step is processed mentally. These strategies are not inefficient 
but also not really efficient. For the statistical analysis, we scaled the raw data 
independently for accuracy and adaptivity using the IRT-based Rasch model (software 
ConQuest). This procedure allowed a mapping of the data of different tests on two 

                                           
3 “Easy tasks” can be solved immediately (e.g., 150 + 230), “smart tasks” easily by a specific strategy (e.g., 329 + 141). 
Obviously, the allocation of tasks depends on the individual. 
4 We also conducted interviews which are not discussed in this paper. 

Day Explicit approach Problem-solving approach 

1 Repetition of numbers up to 1000 and small group discussions 

2 
Discovery & practice of jump and split 
strategy, small group discussions of 
individual solutions  

Distance of given numbers, decomposing 
numbers, categorizing tasks in easy, 
smart3 and other tasks  

3 
Discovery & practice of indirect addition, 
compensation & simplifying  

Categorizing tasks, generation  
of easy and smart tasks 

Solving tasks and comparing solutions in small group discussions 

4 
Repetition of all strategies Categorizing tasks and discussing 

individual criteria for categorization 

Solving tasks and comparing solutions in small group discussions 

5 Post-tests and interviews4, closing session 
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uni-dimensional scales (for adaptivity and for accuracy). We conducted the scaling 
twice: once for T1, T3 and T4 comparing the effects of the intervention with control 
group conditions (the control group did not participate in T2) and once for T1-T4 to 
compare the two intervention groups. For all scales, we obtained good item fits and the 
EA/PV reliability at each of the measurement points was satisfying (adaptivity: .74-.90 
and accuracy: .68-.88). Due to the IRT modeling, the measurement units of the scales 
are logits and not absolute values. To give an idea about students’ absolute accuracy 
performance, we can report a rate of correct solutions between 58% at T1 and 70% at 
T4 (although these values are not directly comparable between the different tests). 
4 RESULTS 
4.1 Effects of the teaching intervention in comparison to a control group 
To analyze the effects of the one-week intervention, we compare the results of the 
children who participated in the intervention with those of their classmates for the 
pre-test (T1) and the follow-up tests (T3, T4). The comparison indicates whether the 
one-week intervention has specific sustainable effects in addition to the regular 
mathematics class. Since the results for all tests are allocated on the same scale, we use 
an ANOVA with repeated measurement (see Figure 1). 

 
Figure 1: Development of adaptive and accurate strategy use of the children from the 
intervention (both groups combined) and their classmates (control group). For both 

scales, units of measurement are logits and not absolute values. 
Regarding students’ adaptive strategy use, the main effect “time” is not significant 
(F(2,478) = 1.28, p = .28) but we get a significant interaction effect “time*group” 
(F(2,478) = 5.69, p < .01, partial η² = .03). The latter can be traced back to the 
difference at T3 between the children who participated in the intervention and their 
classmates in the control group (F(1,239) = 11.36, p < .001, partial η² = .04). In case of 
accuracy performance, we get a main effect “time” (F(2,478) = 15.12, p < .001, partial 
η² = .06) but no interaction effect “time*group” (F(2,478) = 1.10, p = .33). As 
displayed in Figure 1, the accuracy performance of both groups increases similarly. 
4.2 Effects of the instructional approach 
For the comparison of the two reform-oriented instructional approaches, we use an 
ANCOVA with repeated measurement for T1-T4. Since we have data on general 
cognitive abilities for the children who participated in the intervention, we include this 
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as a covariate. For students’ adaptive strategy use, it turns out that we get significant 
main effects “time” for adaptivity (F(3,228) = 4.32, p < .01, partial η² = .05) and 
accuracy (F(3,228) = 3.35, p < .05, partial η² = .04). The interaction effects 
“time*group” for adaptivity (F(3,228) = .79, p = .50) and for accuracy (F(3,228) = .60, 
p = .62) are not significant (see Figure 2 for an illustration of the adjusted mean values; 
the values of Figures 1 and 2 are not comparable since we scaled two times, see 3.1). 

 
Figure 2: Development of adaptive and accurate strategy use of students taught by the 
explicit and the problem-solving approach (covariate: general cognitive abilities). For 

both scales, units of measurement are logits and not absolute values. 
5 DISCUSSION 
The findings presented in 4.1 indicate that the one-week intervention was successful in 
the sense that the participating students specifically improved their adaptive strategy 
use compared to their classmates. Even after 3 months, students who attended the 
intervention still show a better adaptivity in their strategy choice. After 8 months, when 
the students learned the dominant standard algorithms in their mathematics class, the 
difference regarding the adaptive strategy use becomes smaller (and is not significant 
anymore) which is in line with findings from other studies (see 2.1). However, it seems 
that for a certain time the comparatively short intervention “protects” the students 
against an unreflected application of routine procedures. Furthermore, the results show 
that the intervention, which aimed at a flexible and task specific application of 
different strategies, had no negative effects on students’ accuracy. This result is 
interesting because it is a plausible assumption that students make more mistakes when 
they have to learn and to apply more than one strategy. Here, in contrast, it turns out 
that an increase in adaptivity is not to the disadvantage of accuracy. Summarizing the 
results of 4.1, we can state that the one-week intervention yielded a specific and 
sustainable intervention effect on students’ ability for adaptive strategy use. 
Comparing the explicit and the problem-solving approach, we cannot report significant 
differences in adaptivity or in accuracy (see 4.2). Although Figure 2 suggests a 
difference between the groups, we cannot report an adequate level of significance. At 
this stage, we are cautious with far reaching interpretations because different 
explanations are possible. For example, it is indeed a possibility that both approaches 
have more or less the same effect on a group level. Then we would conclude that it 
does not matter which approach a teacher follows. Since we only consider aggregated 
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values on a group level in our statistical analysis, another explanation could be a 
compensation of positive and negative effects of each approach. So, it is possible that 
high achieving and low achieving students benefit in a different way from the two 
approaches. We collected a lot of additional data during the intervention by interviews 
on numerical knowledge, perceived socio-mathematical norms etc. In the following 
months, we will conduct further in-depth analyses to examine whether there are 
specific effects of the different approaches.  
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